In this paper, the vibrational properties of fullerene hydrides with the chemical formula C 60 H 2n are investigated using a method based on the potential energy of the molecule. The potential used in this methodology is AIREBO (Adaptive Intermolecular Reactive Empirical Bond Order). Using this interatomic potential, some of the most important frequencies of the fullerene hydrides, such as the breathing mode frequency, were calculated and then analyzed. It was observed that in addition to the number of hydrogen atoms in the structure, their position on the C 60 cage has a significant effect on the natural frequency corresponding to a particular mode shape. The results obtained by this method have been compared and validated with quantum mechanics and experimental observations. The simulations results demonstrate that the proposed method is capable of calculating the vibrational properties of fullerene hydrides with high precision and low computational cost.
Introduction:
With the discovery of the fullerene molecule in 1985 [1] , a great progress occurred in nanoscience. Because of their unique chemical structures, these molecules can be widely used in various fields of science, such as drug delivery [2] [3] [4] [5] [6] , nanoparticle reinforced composites [7, 8] , electrical insulating [9] , nano-bearing [10, 11] , nanocar wheels [12] [13] [14] [15] [16] [17] , supperconductors [18] and nanodiodes [19] .
Study of the mechanical and vibrational properties of carbon clusters [20, 21] , is an important feature affecting their behavior. Given that fullerenes are detected through infrared spectroscopy of carbon steam, an estimation of the natural frequencies of these structures can be very useful in identifying these molecules. Also, when C 60 react with another molecule, its natural frequencies and mode shapes play a very important role. In this regard, some papers have been published in which they identify the natural frequencies and the mode shapes of the C 60 molecule in various ways, such as Raman and IR spectroscopy [22, 23] , quantum mechanics [24] [25] [26] , continuum mechanics [27, 28] , Molecular Dynamics (MD) simulations [29] [30] [31] , finite element method [32] [33] [34] [35] , and so on.
The frequency corresponding to the breathing mode shape -as the most important frequency of buckyballs -can be easily determined through IR and Raman spectroscopy [36, 37] . In this mode shape, all atoms in the molecule perform a radial simultaneous vibration. The great importance of this mode shape is due to its wide applications in the identification of structures and materials [38] . Eisler et al. [36] , showed that the frequency of this mode shape could be utilized in calculating the size of the molecular cage. Ghavanloo et al. [39] presented an analytical formula to calculate the breathing mode frequency, indicating that this frequency has an inverse relationship with the radius of the molecule. Considering the great significance of this mode shape, in addition to the aforementioned researches, we can find other articles examining the effect of environmental parameters such as temperature and pressure on changes in this frequency for C 60 molecule [40] [41] [42] [43] .
Considering disadvantages of fossil fuels, including air pollution, ozone depletion, global warming, and etc., it is necessary to replace them with better alternatives such as hydrogen. Hydrogen is the ideal alternative to fossil fuels because it generates only water steam after burning and it does not lead to any harmful effects. The most important difficulty to use hydrogen gas is its storage and safe transportation due to high reactivity of this gas. One of the best methods for the storage of hydrogen is chemical absorption of this gas in other molecules. Fullerene C 60 is proved to be an excellent substrate for absorption of hydrogen by several different methods [44] [45] [46] [47] [48] [49] [50] . Synthesis methods of fullerene hydrides have been extensively developing because these hydrides can have potential applications for hydrogen storage and they have also been suggested as one of the infrared emission sources in interstellar space [51] . It is also possible to improve the hole-transport property of fullerene molecules by hydrogenation [52, 53] . The first chemical derivative of fullerene, ever synthesized after its discovery was C 60 H 36 [54] which is obtained via birch reaction and contains 4.5 mass % of hydrogen, making it potentially useful as a hydrogen accumulator [55] . Karpushenkava et al. [56] studied the thermodynamic properties of several isomers of C 60 H 36 in the ideal gas and crystal states by theoretical methods and checked hydrogen accumulation ability of this molecule. Hydrogen can be inserted into the fullerene cage (endohedral 60 @ HC ) or attached to it from the outside (exohedral C 60 H 2n ). Both hydrogen storage methods by fullerenes have been studied by many articles, but according to research [57] , it is desirable for hydrogen to be attached to the fullerene structure from the outside.
In order to be able to access hydrogen energy through its burning, it is necessary to separate it from the fullerene molecule. Several methods have been proposed for the separation of hydrogen. One of these methods is to stimulate the molecule by radiating high-power rays at a specific wavelength to the structure of the molecule. This radiation excites one of the mode shapes related to C-H bond of the molecule and, by increasing the intensity of the radiation, it can increase the amplitude of oscillations and eventually separate the hydrogen atoms from the C 60 cage. Surely the adjustment of the wavelength of the radiated rays requires accurate information about the vibrational properties of C 60 H 2n . Having knowledge about the vibrational properties of fullerene hydrides helps to calculate thermodynamic properties of the structure [51] . Also, stimulating specific mode shapes during the chemical reaction, as well as detecting the type of fullerene hydrides using IR and Raman spectroscopy, make this issue ever more important to know the values of natural frequencies and the shape modes of these molecules.
Some previous studies have examined the natural frequencies of fullerene hydrides. Bini et al. prepared several samples of C 60 H 36 by the transfer hydrogenation method and studied the vibrational properties of those molecules by Infrared and Raman spectroscopy [58] . IR and Raman spectra of hydro fullerenes C 60 H 18 , C 60 H 36 and C 60 D 18 were thoroughly studied using both experimental and computational techniques by Popov et al. [59] . Other works about IR and Raman spectra of C 60 H 18 and C 60 H 36 can be found in [60, 61] . Generally, interpretation of vibrational spectra of C 60 H 2n is difficult because of uncertainty in the isomeric composition of the samples, presence of impurities, and low intensity of many absorption bonds [51] . Also, one cannot obtain all the natural frequencies of a structure by Raman and IR spectroscopy, and it is the only practical way to identify specific frequencies. It seems that another method should be used for obtaining the vibrational properties of a specific molecule. The first solution of this problem is quantum mechanics technique. A DFT (Density Functional Theory) technique is based on quantum mechanics. Although DFT is a very accurate method for calculating the natural frequencies and the shape modes of a molecule, this method is most often used for molecules with a low number of atoms. Despite high accuracy of DFT, this technique suffers from high computational cost. Therefore, need for a more efficient methodology seems necessary.
Despite the great importance of determining vibrational properties of fullerene hydrides, this issue is not addressed in a satisfactory method until now. In addition, most of the work has been focused on the two structures C 60 H 18 and C 60 H 36 , and other fullerene hydrides with different numbers of hydrogen 3 atoms have not been examined. Also although the breathing mode frequency has been investigated for various carbon clusters, such as fullerenes or nanotubes, study of this frequency for C 60 H 2n structures has not been accomplished in any of the previous works. Therefore the main scope of this research is to study vibrational properties of fullerene hydrides using a potential energy based method. To calculate the natural frequencies and normal modes of fullerene hydrides, the stiffness matrix of the molecule is computed based on the interatomic potential energy function. The potential function used to model interactions among atoms in fullerene hydrides molecules is AIREBO, which has a high accuracy in predicting natural frequencies of hydrocarbons [31] . Using this method, the vibrational properties of the C 60 H 2n molecules are obtained, in which n is an integer number ranging from 0 to 18. To this aim, the frequency related to the breathing mode shape of all of the fullerene hydrides, along with some of other important frequencies of them, are calculated. Due to the fact that the breathing mode frequency depends on the radius of the molecule, which was previously reported by Ghavanloo et al. [39] , the radius of gyration of each C 60 H 2n was obtained and its variations in terms of the number of hydrogen atoms were analyzed. As a benchmark for evaluating the accuracy of the proposed potential-based method, the same results was also obtained through the DFT calculations for a special case. A good consistency between the results of the two methods demonstrates the validity of our proposed method. Given that the results of the DFT method are confirmed by laboratory results, it can be observed that there is also a good agreement between the potential based approach and the experimental results. This good precision and high computational speed makes this method as an effective technique for calculating the vibrational properties of fullerene hydrides or other molecules compared to the quantum mechanics and experimental methods explained in the previous paragraph.
Fullerene hydrides
As explained in the introduction section, fullerene hydrides C 60 H 2n are obtained from the chemical reaction of hydrogen with the 60 molecule. The number of possible isomers of C 60 H 2n varies over a wide range: from 23 for C 60 H 2 to about 23 10 for C 60 H 2n [62] . In this study, 39 fullerene hydride molecules C 60 H 2n (which n is an integer number between 1 and 18) with the C 60 molecule, have been investigated to achieve vibrational properties. In Table 1 , the chemical formula of each of the compounds, along with the number of isomers and the symmetry of isomers are presented. For getting information on the position of hydrogen atoms on the C 60 molecule for each of the isomers, study of references [51, 63, 64] is helpful.
Methodology

AIREBO potential
The second version of Reactive Empirical Bond Order (REBO) potential was able to properly predict vibrational and elastic properties as well as the energy of small hydrocarbons. But this potential was not suitable for studying systems with large intermolecular interactions. Since it does not take into account dispersive and non-bonded repulsive effects.
Given these drawbacks, the Adaptive Intermolecular Reactive Empirical Bond Order (AIREBO) potential, introduced for the first time in 1990 [65] , adds two terms to REBO potential. This potential, revised in 2002 [66] , can model intermolecular bonds in some carbon allotropes and small hydrocarbons.
The total potential energy of AIREBO potential can be written as
The first term on the left side is the REBO potential which consists of two terms for repulsive (   R   V ) and attractive ( A V ) interactions due to valence electrons, and is given by
where ij b is the bond-order potential and ij r is the distance between nearest pair of atoms. For further illustration see [66] . The
LJ ij E component is written as
where () St is a switching function,
In above equations, ( 6 ) Further elaboration on the terms in above equations can be found in [67] .
Calculation of frequencies
To calculate the natural frequencies and normal modes of fullerene hydrides, we first obtain the energy function of each molecule and then use the second Newton's equation of motion for each atom as follows:
where V is the energy function based on AIREBO potential,
 are the displacements in Cartesian coordinates, ( 7 ), we have:
The first term in the above equation is zero because there is not any force on each atom in the equilibrium state. We can express the equations of motion for all atoms in the matrix form as below:
MH 
    ( 9 ) where M is the mass matrix. This matrix has a diagonal form where all nonzero elements equals to mass of Carbon or Hydrogen.
H is the Hessian matrix which is given by:
To calculate the elements of Hessian matrix, we first obtain the potential function of each structure in the minimized state using the conjugate gradient and steepest descent methods. Then we displaced each atom in the positive and negative directions of Cartesian coordinates a very small value  and evaluate the potential function in each position. Then ij H can be obtained numerically from the following equation:
where: 
And  is chosen to be CH compounds considered in this article, are obtained.
Quantum mechanics
A quantum mechanics analysis was performed using density functional theory (B3LYP [31, 68] ) on fullerene hydrides. These calculations have been performed by setting the basis set as 6-31G [31, 69] . The results of this method are used as a reference for validating the results of the potential-based analysis.
In order to demonstrate an agreement between the quantum mechanics and experimental results, IR spectra of C 60 molecule calculated by the DFT method (B3LYP/6-31G) is compared with experimental results reported by Chase et al.
[70] (See Fig. 1 ). This comparison shows an appropriate coincidence between the results of two approaches.
Results and discussion
After minimizing the total potential energy based on AIREBO potential by conjugate gradient and steepest descent methods, the natural frequencies and normal modes of fullerene hydrides C 60 H 36 are obtained by the methodology explained in the section 3.2. Error! Reference source not found. shows the shape of two fullerene hydride molecules with different hydrogen atoms.
Based on the reference [51] , the natural frequencies of each hydro fullerene can be divided in two groups: cage vibrations, and C-H bond vibrations. In the shape mode of a frequency related to cage vibrations, all carbon and hydrogen atoms can move. The range of these frequencies is less than 1900 cm -1 . In the shape mode of C-H bond vibrations, only the hydrogen and carbon atoms are connected to the C-H bonds can move. In the shape modes associated with this group of frequencies, the movement direction of the carbon and hydrogen atoms connected to a C-H bond is along the same C-H bond. All frequencies associated with this bond are in the range of 2900 cm -1 to 3100 cm -1 . To understand the variations of the frequency spectrum of hydro fullerenes, the IR spectrum of one of the C 60 H 36 isomers is shown in Fig. 3 .
One of the most important frequencies of fullerene families, which can easily be identified through Raman and IR spectroscopy, is the breathing mode frequency (A g (1) ) in which all the carbon atoms of the molecule perform a simultaneous radial vibration. After adding hydrogen to the C 60 structure, this mode shape will change slightly (Fig. 4) . The amount of the frequency corresponding to this mode shape and also the radius of gyration of the fullerene hydrides, both calculated from the AIREBO potential and DFT, are presented in Table 2 . The values given in brackets are the results of the DFT method. As it can be seen in this table, the results obtained from AIREBO potential and DFT are close to each other in predicting the breathing mode frequency and the radius of gyration.
The method proposed in this paper is capable of calculating natural frequencies and mode shapes of a molecule, such as C 60 H 2n , at several times higher speed than DFT method, while the results accuracy of the proposed method is also acceptable.
In order to obtain a better view of the changes in the results obtained from the vibrational analysis of fullerene hydrides, the results of two methods in terms of the number of hydrogen atoms are plotted in Fig. 5 (for structures with a number of isomers of 2 or more, the first isomer mentioned in Table 2 is considered). According to this figure, the breathing mode frequency does not have a monotonic variations, while the gyration radius of the molecule increases with the increase in the number of hydrogen atoms. Given that in all structures the breathing mode frequency is less than that obtained for the fullerene molecule, it can generally be deduced that by adding hydrogen to C 60 , the breathing mode frequency decreases. Fig. 6 shows the variations in the breathing mode frequency and radius of gyration for different isomers of the C 60 H 36 structure. The numbering order in this figure is based on the order in Table 2 . As seem in this figure, the breathing mode frequency of different isomers of C 60 H 36 are not equal and about 100 cm -1 difference is observed between their maximum and minimum values, while the gyration radii of isomers are almost the same. Regarding this diagram, it can be pointed out that although the number of hydrogen in fullerene affects the breathing mode frequency of fullerene hydrides, the position of hydrogen atoms on the C 60 cage is also of great important in determining the amount of this particular frequency. Also, according to the results obtained from Fig. 5 and Fig. 6 , it cannot be verified that there is a relationship between the gyration radius and the breathing mode frequency of the fullerene hydrides. Fig. 7 is used to determine how changes the mean radius of molecular cage of C 60 H 2n structures in terms of the number of hydrogen atoms. It is seen in this figure that the mean radius of the hydro fullerene molecule increases with the increase in the number of hydrogen atoms of the structure, and it seems that this factor is the most important factor in ascending behavior of the radius of gyration in terms of the number of hydrogen atoms.
One of the other most important frequencies of fullerene hydrides is the frequencies related to the C-H bond vibrations. The number of these frequencies is equal to the number of hydrogen atoms in the structure, and in their related mode shape, only the atoms attached to the C-H bonds are vibrating along those bonds. In Table 3 , there is a comparison between the results of the DFT method and the potentialbased method in terms of calculating the minimum and maximum frequencies of the C-H bond vibrations for some of the fullerene hydrides. The good consistency of the results of the two methods can be deduced from the data in Table 3 .
Although other shape modes of fullerene hydrides can also be studied, and it can be done a comparison between the results of both potential-based and DFT methods for the frequency of these shape modes, the complexity of their shapes caused them not to be perused. In fact, when hydrogen is added to the fullerene structure, the shape of the resulting molecule is no longer symmetrical, and it is difficult to detect the frequency corresponding to a particular mode shape. For this reason, among all vibrational modes of a C 60 H 2n molecule, only two breathing and C-H bond vibrations -which are easily identifiable-were mentioned in this article.
Given that one of the most important uses of hydrogenated fullerenes is their use as hydrogen storage to exploitation of its energy in the burning process. Although burning hydrogen is high in energy and does not produce harmful gases such as CO 2 that causes heating and pollution of the earth, because of its high reactivity, it cannot be stored as pure hydrogen gas and needs to be stored in the structure of some other molecules. Fullerene is one of the most important hydrogen storages which hydrogen can be attached to its cage, directly or with a mediation (with the help of alkali metals). It should be noted that for hydrogen to be burned, separation of hydrogen from the structure of fullerene and conversion to hydrogen gas is required. After the separation, hydrogen gas can react with oxygen and its energy can be used.
If hydrogen is attached to the fullerene surface without mediation, one of the methods to separate it is to stimulate the shape modes of the C-H bond vibrations by radiating high-intensity rays on the structure of the molecule. By stimulating this mode shapes, the vibrations of the molecule are only limited to the oscillations of atoms connected to the C-H bonds, so it is possible to increase the amplitude of the oscillations of the atoms by increasing the intensity of the radiated wave and causes the hydrogen atom to separate from the fullerene structure. In the various mode shapes related to the C-H bond vibrations of C 60 H 2n molecules, the number of mobile atoms varies.
It is advisable the wavelength of radiated ray is equal to the frequency of a mode shape with the maximum number of vibrating atoms, so more hydrogen atoms can be separated from the structure of the molecule with this methodology. . Since the adjustment of the wavelength of radiated ray on the surface of the fullerene hydride to separate the maximum number of hydrogen atoms from the structure depends strongly on the proper recognition of the frequencies and the mode shapes of the molecule, it is necessary that all vibrational features of these molecules are identified in an appropriate manner. It is recommended to use a very efficient method in terms of accuracy and computational time, such as the method presented in this paper. In Table 4 , C 60 H 18 and C 60 H 36 isomers, along with a frequency of the C-H bond vibrations corresponding to the maximum number of mobile hydrogen atoms is presented. The results of this table were obtained from DFT method.
Conclusion
In this paper, a potential-based method was used to predict the vibrational properties of fullerene hydrides. Furthermore radius of gyration for each C 60 H 2n molecule was calculated through minimization.
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The interatomic potential used in these calculations is AIREBO potential. To evaluate the accuracy of vibrational analysis, the results of AIREBO potential were compared with the results of quantum mechanics and previous experiments. This comparison demonstrates that the AIREBO potential in the innovate potential-based method is able to calculate the natural frequencies of the fullerene hydrides with a fairly good accuracy with low computational effort. The other important achievements of this study are as follows:
-Generally, the breathing mode frequency for the fullerene hydrides is less than that of the fullerene molecule.
-The radius of gyration of C 60 H 2n molecules increases as the number of hydrogen atoms increases -There is no clear relationship between the radius of gyration and the breathing mode frequency of the hydro fullerene.
-The radius of gyration of all C 60 H 2n considered in this paper, are underestimated by AIREBO potential.
-The amount of frequency associated with a particular shape mode for fullerene hydrides, although depends on the number of hydrogens in the structure, has a strong dependence on the position of the hydrogen atoms on the C 60 molecule.
-The computational cost of DFT is several times more than the proposed potential-based method
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